Field measurements of debris-bed friction on a smooth rock tablet at the bed of Engabreen, a hard-bedded, temperate glacier in northern Norway, indicated that basal ice containing 10% debris by volume exerted local shear traction of up to 500 kPa. The corresponding bulk friction coefficient between the dirty basal ice and the tablet was between 0.05 and 0.08. A model of friction in which nonrotating spherical rock particles are held in frictional contact with the bed by bed-normal ice flow can account for these measurements if the power law exponent for ice flowing past large clasts is 1. A small exponent (n < 2) is likely because stresses in ice are small and flow is transient. Numerical calculations of the bed-normal drag force on a sphere in contact with a flat bed using n = 1 show that this force can reach values several hundred times that on a sphere isolated from the bed, thus drastically increasing frictional resistance. Various estimates of basal friction are obtained from this model. For example, the shear traction at the bed of a glacier sliding at 20 m a −1 with a geothermally induced melt rate of 0.006 m a −1 and an effective pressure of 300 kPa can exceed 100 kPa. Debris-bed friction can therefore be a major component of sliding resistance, contradicting the common assumption that debris-bed friction is negligible. [1] Field measurements of debris-bed friction on a smooth rock tablet at the bed of Engabreen, a hard-bedded, temperate glacier in northern Norway, indicated that basal ice containing 10% debris by volume exerted local shear traction of up to 500 kPa. The corresponding bulk friction coefficient between the dirty basal ice and the tablet was between 0.05 and 0.08. A model of friction in which nonrotating spherical rock particles are held in frictional contact with the bed by bed-normal ice flow can account for these measurements if the power law exponent for ice flowing past large clasts is 1. A small exponent (n < 2) is likely because stresses in ice are small and flow is transient. Numerical calculations of the bed-normal drag force on a sphere in contact with a flat bed using n = 1 show that this force can reach values several hundred times that on a sphere isolated from the bed, thus drastically increasing frictional resistance. Various estimates of basal friction are obtained from this model. For example, the shear traction at the bed of a glacier sliding at 20 m a À1 with a geothermally induced melt rate of 0.006 m a À1 and an effective pressure of 300 kPa can exceed 100 kPa. Debris-bed friction can therefore be a major component of sliding resistance, contradicting the common assumption that debris-bed friction is negligible. 
Introduction
[2] Sliding velocity is the least predictable component of glacier velocity, and meaningful treatment of sliding is one of the biggest challenges in modeling wet-based ice masses [Marshall et al., 2002b] . Uncertainty is sufficiently large that first-order control variables cannot always be confidently distinguished from variables that can safely be neglected.
[3] Friction between temperate basal ice and bedrock is one such variable; it is commonly assumed to be negligible in models of sliding because of the thin water layer expected between ice and rock [e.g., Lliboutry, 1968; Nye, 1969a Nye, , 1970 Kamb, 1970; Fowler, 1981; Gudmundsson, 1997] . Resistance to motion in these models is assumed to come entirely from resistance to ice creep and regelation past bedrock obstacles. Temperate basal ice, however, is seldom clean and contains numerous rock particles held in contact with the bed. As ice drags these particles along the bed, frictional forces provide additional resistance to sliding.
[4] Theoretical calculations indicate that friction can control glacier abrasion [Metcalf, 1979] and strongly influence sliding speed [e.g., Reynaud, 1973; Morland, 1976; Schweizer and Iken, 1992] . Despite these findings, theoretical predictions of the magnitude of the frictional force between a clast and a hard bed remain uncertain [Glasser and Bennett, 2004; Lee and Rutter, 2004] . Two different models of debris-bed friction, developed in the context of glacial abrasion studies, have been proposed. Boulton [1974] suggests that debris-bed friction is controlled by the effective normal stress on the bed: the normal stress exerted by ice minus the water pressure at the bed surface. Shear traction, t, consistent with his formulation, can be expressed by a simple friction rule of the form t = mAp e , where m is the coefficient of rock friction, A is the fraction of the bed surface covered with debris, and p e is the effective normal stress. Assuming m = 0.6 and A = 0.1, values of debris-bed friction using this simple friction rule do not exceed 50 kPa (Table 1) for a flat smooth bed. Hallet [1979a Hallet [ , 1981 proposes that friction depends on the bed-normal drag force on particles due to ice flow toward the bed resulting from local basal melting and/or longitudinal extension of ice, implicitly assuming that p e = 0. Calculations using Hallet's [1979a Hallet's [ , 1981 model indicate that even for high bed-normal ice velocities (0.5 m a À1 ) and large clasts (0.1 m) shear traction does not exceed 10 kPa (again assuming m = 0.6 and A = 0.1). Lack of field data precludes definitive testing of these two models.
[5] Herein, we report field measurements of debris-bed friction conducted beneath Engabreen, an outlet glacier of the Svartisen Ice Cap, in northern Norway. The Svartisen Subglacial Laboratory, housed in rock tunnels beneath the glacier, offers direct access to the bed through a vertical
shaft. An instrumented panel containing a smooth granite tablet was installed at the top of this shaft in contact with basal ice. As debris-charged ice slid over the panel, shear stress, normal stress, water pressure, temperature, and sliding speed were recorded simultaneously for periods of up to nearly a year, providing an extended in situ record of friction between basal ice and a hard bed. These data are used to test the Boulton [1974] and Hallet [1979a Hallet [ , 1981 models and the common idealization that debris-bed friction is negligible. A new model of hard-bedded friction that considers nonrotating spherical rock particles is presented. Modeled shear tractions are compared to local measurements at Engabreen and used to estimate debrisbed frictional resistance.
Field Setting
[6] Tunnels and associated subglacial intakes were excavated in the rock (primarily schist and gneiss) beneath Engabreen to collect meltwater as part of a hydroelectric power installation. The Svartisen Subglacial Laboratory, housed inside one of these rock tunnels, provides access to the glacier bed through a 5 m high vertical shaft and a horizontal door [see Cohen et al., 2000, Figure 2] . The vertical shaft, used in the experiment described herein, opens up through a 0.6 Â 0.6 m hole onto the bed of the glacier beneath 213 m of ice. To prevent ice from entering the vertical shaft, a flat steel plate, supported underneath by a scaffold, seals the hole. The scaffold consists of a table on top of removable legs that extend to the floor of the tunnel. Winching cables allow lowering of the table and the steel plate, which can then be loaded with a panel containing instruments. When the panel is winched upward into position, its upper surface is in direct contact with debrischarged basal ice.
Apparatus
[7] A square panel (Figure 1 ), 0.58 m square and 0.21 m high, was constructed from 12.7 mm thick aluminum plates insulated with plastic Delrin spacers. The panel contained, at its upper surface, a smooth, circular, granite tablet, 0.3 m in diameter, fitted in a stainless steel carriage. Sensors inside the panel were protected from the ice by a 12.7 mm thick stainless steel cover plate that surrounded the carriage and was flush with its upper surface. Two O-rings around the perimeter of the carriage sealed the inside of the panel. The gap between the carriage and the cover plate above the uppermost O-ring was less than 0.1 mm. A profilometer dragged across the surface of the granite tablet showed that it was 1 mm higher in its center than on its outer edge but revealed no local roughness element greater than 100 mm. The carriage was supported underneath by 7 two-way thrust bearings (Minnesota Valve and Fitting Co.), each 53 mm in diameter. Bearing friction was measured independently in the laboratory using a 2 MN hydraulic press. The friction coefficient of each bearing, m bearing , was a nonlinear function of the normal force N (in kN):
[8] Two water pressure sensors (Geokon, model 4500SH-500) enclosed in sealed aluminum cylinders attached to the bottom of the carriage were in communication with the upper surface of the rock tablet through 5 mm diameter ports drilled through the carriage and the rock tablet. These sensors measured the pressure in the thin water film between the upper surface of the tablet and the ice. Porous ceramic tips (50 kPa air entry pressure) screened the ports at their tops. The ports were filled with deionized water before the experiments to expel air bubbles.
[9] Normal stress exerted by the ice on the panel was measured in two locations on the upstream end of the rock tablet. In 2001, two concrete pressure cells (Geokon, model 4800X-1000) were used but provided unreliable readings. They were replaced by two load cells (Geokon, model 4900X-10-0). Each load cell was supported below by a 16.9 mm thick horizontal aluminum plate. Disks, 50 mm in diameter, flush with the surface of the cover plate, pressed on top of the load cells and isolated the sensors from the ice.
Each load cell recorded a force normal to the bed over a 20 cm 2 footprint.
[10] Shear traction was measured with two orthogonally oriented load cells that pressed on the downstream end of the rock tablet. Two load cells were necessary because the direction of sliding varies temporally through a significant range . In 2001 and 2002, two 22.2 kN load cells (Geokon, model 4900X-5-0) were used. Several days into the 2002 experiment, shear traction was so high that these load cells became stressed beyond their calibrated range before they eventually quit working. They were replaced with two 44.4 kN load cells (Geokon, model 4900X-10-0) in the spring of 2003.
[11] Sliding speed was estimated by measuring the displacement of a plastic ball (75 mm diameter) attached to a flexible stainless steel cable (1.5 mm diameter) that passed through a sealed hole in the panel's cover plate. The cable was withdrawn from the panel during glacier slip at a rate recorded by an extensometer (Unimeasure, model HX-PA-60) located in the underlying tunnel.
[12] Glass probe NTC (negative thermal coefficient) thermistors (Fenwal, model 121, or Yellow Spring Instrument, model 55033) , calibrated to a precision of ±0.01°C in a laboratory cold room, recorded the temperature in the panel. Three sets of two thermistors were inserted in small holes at different depths in the rock tablet to estimate the vertical heat flux there. Two more sets of three thermistors were inserted in holes in vertical aluminum members of the panel across Delrin spacers to estimate the heat flux through the panel. This flux was minimized by Delrin spacers and by foam insulation injected in the void space of the panel.
[13] To begin the experiment, the table and overlying steel plate were lowered with the winching cables. The panel was positioned on the steel plate, winched to the mouth of the shaft, and supported underneath by erecting the scaffold. Sensors were connected to a Campbell CR10X data logger. Data were collected every 20 s to 5 min. Design constraints required that the upper surface of the panel be 12.7 mm higher than the surrounding bed, but drag on the rock tablet was not affected because the tablet and carriage were shielded laterally by the panel's cover plate, which surrounded the carriage and was flush with its upper surface (Figure 1 ).
Measurements
[14] Figure 2 shows records of normal stress, water pressure, melt rate, and shear stress collected over three consecutive years, starting in 2001. During 2001, measurements lasted only 7 days because several sensors (thermistors and concrete pressure cells) either failed or did not perform adequately. The following year, a reliable record of sliding speed was not obtained and the two shear load cells became overloaded and quit working 7 days after the start of the experiment. In spring 2003, the two shear load cells and several thermistors were replaced and a new cable and anchor for measuring sliding speed were installed. Data collection lasted over 340 days.
Basal Debris
[15] Volumetric debris concentration measured in 10 1 -2 L ice samples collected at various heights above the shaft once the panel was removed varied between 2 and 11% (highest near the bed) with a mean of 5.3%. These samples, however, underestimated the number of large clasts in contact with the bed. Thus particles in contact with the panel of size greater than 5 mm were carefully extracted and counted (Figure 3) , and added to the particle size distribution obtained from the samples. The resulting distribution is given in Table 2 . Computing the number of particles in each size class and idealizing particles as spheres allows estimation of the fraction of the bed area covered by particles as seen in mapview: 24%.
Stress Measurements
[16] After ice closed on the panel, normal stress ( Figure 2a ) increased quickly, followed 24 hours later by a rapid increase in water pressure (Figure 2b ). Normal stresses varied between 2500 and 3500 kPa except during the early part of the record in 2002 when one of the normal stress sensors recorded values as high as 5000 kPa (expected hydrostatic ice overburden pressure is $2000 kPa). Water pressures were also high (2500 kPa) but more steady. Several decreases in water pressures were due to melting Small particles (<5 mm) were sieved. Sizes of large particles were computed by taking averages of the dimensions of their long and short axes. The number of small particles (<5 mm) was estimated from their mass fraction from samples collected in 2002, assuming that the particles were spherical and that their fractional area projected on the bed was equal to their mass fraction.
an ice tunnel near the horizontal door for an unrelated project (end of record in 2001, day 220 in 2003).
[17] Shear traction on the rock tablet, t, was computed by summing the two shear stress vectors, S 1 and S 2 , indicated by the two orthogonal shear load cells, and by adding the friction due to the bearings (if bearings had zero friction, shear load cells would have measured higher values):
where s N is the average normal stress measured by the two normal load cells, and m bearing is given by equation (1). The second term on the right-hand side of equation (2) accounts for less than 8% of the total shear traction.
[18] During all three years, high shear traction was recorded on the rock tablet ( Figure 2d ). In 2001, after an initial peak at 100 kPa, shear traction was relatively steady at 80 kPa for 2 days before increasing to about 110 kPa for the two remaining days of the experiment. In 2002, a similar pattern was observed in the first few days of record until day 7. Thereafter, shear traction climbed rapidly to values as high as 250 kPa, exceeding the calibrated range of the load cells, which quit working on day 8. In 2003, shear traction kept rising for about 13 days to 400 kPa and then continued rising at a slower rate, reaching a value of 500 kPa on day 80. Shear traction was relatively constant thereafter, averaging 470 kPa. Two major reductions in shear traction (days 36-46 and day 220) were caused by water pressure and cavity growth induced by pumping water to the glacier sole for another experiment.
Heat Flux From Tunnel
[19] Temperature measurements were used to estimate heat flux from the tunnel and the associated basal melt rate ( Figure 2c ). Steady state was assumed in the calculation since temperature at the panel's surface was buffered at the melting temperature by the thin water film and temperatures in the tunnel varied only slightly except during sudden changes in air currents and human activity in the tunnel (e.g., days 40 -45 and day 220 in 2003). The smallest average melt rate, 0.12 m a . This is close to values measured at the same location by Cohen et al. [2000] in 1996 and 1997 using a similar anchor and cable system and video cameras that tracked clots of sediments in the ice.
Data Interpretation

Normal Stress
[21] The high normal stress recorded by one of the sensors early in 2002 (N 1 , Figure 2a ) was likely due to an accumulation of large clasts sliding over the disk covering the sensor. Because these clasts affected normal stress only locally, the normal stress above the rock tablet during that time is probably better approximated with the record of the other sensor, N 2 . This sensor was in a flow line shifted 0.4 m laterally from N 1 , and thus would not have necessarily recorded the passage of the clasts.
[22] In general, the normal force exerted on the two normal load cells was higher than the force expected from the static pressure exerted by the 213 m of overlying ice ($2000 kPa). This difference is probably due to local normal stress variation caused by the unevenness of the bed. The bedrock topography in the vicinity of the shaft forms meter high undulations, tens of meters in wavelength, with incised grooves trending in the direction of flow. Normal stresses recorded by load cells installed by the Norwegian Water and Energy Directorate at several other locations around the vertical shaft gave values between 1400 and 3000 kPa (J. Kohler, unpublished data). Except for the initial period in 2002 when N 2 grossly overestimated the normal stress, we assume that the average of both sensors gives a good estimate of the normal stress exerted by ice on the rock tablet, although debris-bed contact forces likely affected the unsteadiness of the signal. This estimate is needed to calculate both the shear traction (the effect of the bearing, equation (2)) and the effective normal stress.
Shear Traction
[23] Shear traction on the rock tablet was high: 80-500 kPa. In Iverson et al. [2003] , we rejected several hypotheses for the high shear traction that were inconsistent with our data: (1) shear traction followed a simple friction rule, t = m bulk p e where m bulk is the bulk coefficient of the debris-ice mixture and p e is the difference between total normal stress and water pressure at the bed surface; (2) a layer of sediment separated ice from the rock tablet; (3) a large boulder slid over the rock tablet; and (4) friction directly between ice and the rock tablet accounted for significant shear traction. Hypothesis 1 cannot be correct because the value of m bulk , implied from variations in shear traction associated with fluctuations in water pressure, was in the range 0.05-0.08 (Figure 4 ). Thus to explain measured shear tractions close to 500 kPa in 2003, very large values of p e would have been required (2000 to 10,000 kPa). Instead p e was between 50 and 600 kPa. In 2002, shear tractions of 100 kPa would have required effective normal stress of 2000 kPa instead of the 500 kPa measured. Hypothesis 2 cannot be correct because the small value of m bulk precludes this sediment layer: the sandy basal sediment at the site has a friction coefficient greater than 0.3. Hypothesis 3 is unlikely to be correct because a boulder would have to be very large (!1 m) and remain pinned over the rock tablet for over 300 days, an unlikely situation not observed when the experiment was over and the panel was lowered. Sliding experiments of Budd et al. [1979] with clean ice indicated that friction between clean ice and concrete was negligible. The roughness of our polished granite tablet was 10 times smaller than that of the concrete used in those experiments. The very minimal arching of the rock tablet (1.0 mm from center to edge) would have contributed only about 1 kPa of shear traction according to the sliding theory of Nye [1969a] . Hence hypothesis 4 can also be rejected.
[24] Present models of debris-bed friction [Boulton, 1974; Hallet, 1979a Hallet, , 1981 fail to explain our data because they either grossly underestimate the shear traction or cannot reproduce the observed dependence on effective normal stress and the lack of dependence on melt rate due to geothermal heat. We seek a new model that predicts shear tractions of up to several hundreds of kilopascals, an effective friction coefficient in the range 0.05-0.08, and a lack of dependence on the geothermal component of basal melt rate.
Model of Debris-Bed Friction
[25] Our model builds on the work of Boulton [1974] , Hallet [1979a Hallet [ , 1981 , and Hindmarsh [1996] . The objective is to obtain order of magnitude calculations of the forces on particles from which the basal drag due to debris can be computed. Because of our incomplete understanding of the coupling between regelation, viscous flow, and boundary conditions at the ice-bed and ice-particle interfaces, our model simplifies the thermodynamics of the water film that separates ice from solid particles and the bed.
[26] We assume that there are N p spherical particles in contact with a flat bed per unit area of bed. Their distribution is sparse enough that they can be considered isolated from one another [e.g., Hallet, 1981] . Particles are idealized as spheres because there are analytical expressions for the drag force due to viscous and regelation flow past a sphere and because this drag force depends only mildly on shape [Happel and Brenner, 1965] . Each particle i of radius R i is assumed to slide parallel to the bed, without rotating, at a speed u p i , such that 0 u p i U, where U is the ice sliding speed. The geothermal heat flux and frictional heating (energy dissipation produced by viscous flow and rock friction) cause basal melting with associated ice movement toward the bed at speed v n i . A water film completely surrounds each particle except at the contact point with the bed. This film is assumed to be sufficiently thin that the pressure in it is equal to the normal stress in the ice at the ice-film interface. We also assume that there is a liquid film of thickness h w between the flat bed and the ice ( Figure 5 ) but that the pressure in the film, p w , is dictated by the hydraulic transmissivities of the bed and film and not by ice flow around the particle. The convergence of the two films and its effect on particle forces are neglected, and the film is assumed to be in thermal equilibrium with the ice. The water film thickness is assumed to be independent of particle size. We test two possible cases: (1) low water pressure in the film with no cavities in the lee of clasts ( Figure 5a ) and (2) higher water pressure with lee-side cavity formation (Figure 5b ). The height of the cavity is arbitrarily set to one-half the radius of the sphere.
Force Balance
[27] The water film exerts negligible traction over the bed or the particles, so shear traction on the bed, t, is entirely due to the bed-parallel (x direction) drag that ice exerts on particles as it regelates and creeps past them, plus the bedparallel component of the buoyant force. If the bed is horizontal, there is zero buoyant force in the x direction. Then,
where F D i (x) is the bed-parallel drag force (the summation over all clasts yields a stress, since N p is the number of clasts per unit area).
[28] A force balance on each particle in the bed-parallel direction yields
where F m i is the frictional force exerted by the particle on the bed. If the particle is moving at a velocity u p i > 0, then the frictional force is (from here on, we do not indicate that 1 i N p )
where N i is the net bed-normal force on particle i and m is the coefficient of friction between the particle and the bed. If the particle is stationary, then F m i and N i are not related.
[29] A force balance in the bed-normal (z) direction yields
where F D i (z) is the bed-normal drag force caused by ice flow toward the bed and F E i is the downward force exerted due to the pressure difference between the ice and the water beneath the particle. In the above equation we have neglected the weight of the particle because particles are relatively small (less than 20 cm in size).
[30] Integrating the ice pressure, p i , and the water pressure, p w , around the particle, and assuming that p i and p w are independent of depth, yields (see Figure 5 ), in the case without a water cavity,
or, in the case of a lee-side cavity,
where p e = p i À p w is the effective normal stress.
[31] Owing to basal melting, ice moves both parallel and normal to the bed. The ice velocity vector sufficiently far away from a particle sliding on the bed and relative to that particle is V = (U À u p i )i À v n i k, where i and k are unit normal vectors in the x and z directions. Despite the lack of geometric symmetry of the flow field, a good approximation is that the resulting drag force vector on the particle, F D , is parallel to V. Therefore the bed-parallel and bed-normal ice flow have no influence on one another and can be analyzed separately. If the bed-parallel and bed-normal drag forces on particles are due to creep and regelation flow, these forces can be described by a general function F D for the case of an isolated particle, multiplied by a factor f that accounts for the presence of the bed. Deferring an explicit expression to the next sections, we can write the drag forces, F D i (x) and
where the dot indicates an unspecified dependence on ice rheology and thermal properties of ice and particles.
[32] If there is no longitudinal extension of ice, the bednormal velocity reflects entirely basal melting:
where v geo is the melt rate due to the geothermal heat flux, r ice is the density of ice, L is the volumetric latent heat of ice, and A p i is the medial cross sectional area of the sphere.
With the assumption that all heat generated goes into melting of ice at the ice-film interface, the second and third terms on the right-hand side of equation (11) are melt rates due to energy dissipation by viscous ice flow past a clast and by rock-on-rock friction at the clast-bed contact, respectively.
[33] In summary, for each particle i, we have, if u p i > 0,
where F E i is given by equation (7) or (8), m, U, and R i , are given parameters, and f x i and f z i can be estimated independently. If a particle i is stationary, then the above system simplifies to
where all parameters on the right-hand side are known or can be estimated.
[34] These equations, valid for each particle, together with equation (3), form a system of 5N p + 1 equations (in the case where u p i > 0) with exactly 5N p + 1 unknowns:
, N i , u p i , v n i , 1 i N p , and t.
[35] In order to compute these quantities, expressions are needed for the drag function F D and the factors f x and f z . In the next two sections, we use the well-known Stokes solution for viscous flow past a sphere in an infinite viscous fluid, corrected for regelation and for the proximity of the bed, to obtain such expressions.
Viscous Flow and Regelation Past an Isolated Sphere
[36] Watts [1974] developed an analytical solution for viscous flow and regelation past an isolated sphere in Newtonian ice. The drag on the sphere is
where h is the Newtonian viscosity of ice, V is the ice velocity, R is the radius of the sphere, and R ? is the critical radius for which drags due to regelation and creep are equal, defined as
where S is the change of ice melting temperature with pressure (7.4 Â 10 À2°C MPa À1 for pure ice, 9.8 Â 10 À2°C MPa À1 for air-saturated ice), and K is the mean thermal conductivity of ice and rock (K = 2.5 J m À1°C s
À1
).
[37] Watts [1974] also suggested an extension of his result for non-Newtonian ice rheology by replacing h with h eff , an effective viscosity defined for power law rheology as
where B and n are, respectively, the preexponential and the exponent parameters of the power law model, and Å S is the second invariant of the deviatoric stress tensor, a measure of the stress level near the sphere. The simplest measure of Å S is to use the drag force F D divided by the cross-sectional area of the sphere:
This modification yields
where equation (15) has been substituted into equation (14) and C = 3SK/L. Substituting equation (17) into (16) and the result into (18) yields an nth-order polynomial in F D :
The solution of this equation provides the drag force on a sphere for values of n different from 1. For n = 2 we obtain
For n = 3, there is only one real root too cumbersome to be given here.
Drag on a Sphere in Contact With a Flat Bed
[38] The factors f x and f z , which correct Watts's solution for the proximity of the flat bed, are now evaluated. In obtaining numerical values for these coefficients we ignore the regelation component of flow. Ignoring regelation is not a serious drawback for large particles because then viscous flow dominates. Considering small particles, Hallet [1981] argues, based on results by Nye [1967] , that regelation drag depends primarily on the volume of the particle, rather than on its geometry, and thus this drag is likely only weakly dependent on the geometry or proximity of an adjacent surface.
Bed-Normal Correction
[39] The modification of the viscous flow field around a spherical particle due to the presence of a wall has been studied extensively [e.g., Brenner, 1961; Goren, 1970 Goren, , 1979 O'Neill and Bhatt, 1991; Michalopoulou et al., 1992; Elasmi and Feuillebois, 2003] . These studies indicate that deviations from Stokes's law, the drag force on an isolated sphere moving slowly through a viscous fluid, can be significant. In several cases, this deviation, represented by the factor f z , can reach values in excess of 100. Hallet [1981] used results of Goren [1970] to estimate f z = 2.4. Goren's [1970] analysis (as well as other analyses cited above), however, prescribes boundary conditions at the sphere and wall surfaces that are different from those of ice flowing past a particle on the bed. Thus we chose to numerically study the flow of ice around a spherical particle on a flat surface with boundary conditions more appropriate for this specific problem.
[40] Geometrically, the viscous flow problem is limited to the flow of ice above the water film separating the ice from the bed. At the ice-film interface ice melts due to geothermal and frictional heating, and thus mass is transferred across that interface. The details of the physics and thermodynamics are complex, but as a first approximation we assume that, at the ice-film interface, the velocity normal to the interface is uniform and the tangential velocity is zero, in accord with our earlier assumption that tangential and normal ice flow are uncoupled. The generalized Stokes flow (creeping flow) equations are solved for a power law fluid with rheological parameters B and n, such that its effective viscosity is h eff = BÅ D (1Àn)/2n , where Å D is the second invariant of the stretching tensor. Axisymmetry along the z axis simplifies the problem to two dimensions where only half of the flow past the sphere needs to be considered. Figure 6 shows the domain of computation with the boundary conditions used. At the ice-particle interface, we prescribe zero shear stress and zero normal velocity (this assumption implies that no other debris is in contact with the particle). We impose the vertical velocity at the bottom of the domain where the ice meets the water film above the rock bed. Standard no-flow and no-traction boundary conditions are applied at the sides and at the top boundary, respectively (see Figure 6) .
[41] The equations are solved in their dimensionless form [see Cohen, 2000] with the commercial software FIDAP using Galerkin's mixed finite element formulation (velocity pressure). The two-dimensional, axisymmetric flow is solved using linear triangular elements. Computations were done on a domain extending 20 radii laterally and 15 radii above the sphere. Mesh resolution near the sphere ranged from 0.03R for coarse meshes to 0.0038R for fine meshes (see mesh example in Figure 6 ). Computations using a higher-resolution mesh yielded drag on the sphere that differed by less than 5% from that determined with the coarser mesh, so numerical results from coarse meshes were considered adequate. The drag force on the sphere was computed by integrating the normal stress around the surface of the sphere. The numerical model was validated by comparing numerical solutions of viscous flow past an Figure 6 . (left) Geometry and dimensionless boundary conditions used in computation of viscous drag on a sphere in contact with a flat bed in the case of no lee-side cavity. Variables t x , t z , and t t are the x, z, and tangential component of the traction vector, respectively. Variables u x , u z , and u n are the x, z, and normal component of the velocity vector, respectively. (right) Finite element discretization for h w /R = 0.0038 at the sphere's surface, with a total of 5174 nodes and 10,099 elements. Owing to symmetry, only half of the domain shown above is used in the numerical model. isolated sphere with analytical solutions of Stokes's law for n = 1 (F analytic = 4p = 12.566, F num = 12.468) and with the semianalytic solution of Lliboutry and Ritz [1978] for n = 3 (F analytic = 8.8p = 27.646, F num = 27.674).
[42] Figure 7 shows f z as a function of the dimensionless water film thickness h w /R for n = 1, 2, and 3. As h w /R decreases, f z increases. High values of f z (up to 411 for h w /R = 0.0038) for n = 1 are due to lower pressures that develop beneath the sphere than for the case of larger n values. Mass conservation requires that ice fills the narrow space beneath the particle at a rate equal to the rate at which ice is removed by basal melting. This requires locally very high strain rates driven by large bed-parallel pressure gradients toward the point of clast-bed contact. These gradients are larger for n = 1 because ice is more viscous at high strain rates if n = 1 than if n is greater than 1. For n = 2 and 3, f z is in the range of 1 to 10.
[43] If there is a cavity down-glacier from the sphere, there are no high strain rates on that side because there is no narrow gap into which the ice squeezes. Thus on the downglacier side, f z = 1. Therefore for the sphere as a whole,
[44] We acknowledge that heat generated by rock-on-rock friction may increase melting underneath the clast and reduce the size of the narrow zone into which ice has to squeeze, thus decreasing the effect of the magnification of the normal drag force on a particle. This effect is not quantifiable with the present model and is neglected.
Bed-Parallel Correction
[45] In the present ice flow problem, the motion of ice near the bed in the absence of melting and spherical particles is plug flow because the bed is slippery. Using this flow field as boundary conditions, finite element calculations of creeping flow past a fixed sphere on a plane indicate that f x is very close to 1: the bed does not disturb the flow significantly, so the drag force on the sphere is identical to that on an isolated sphere. The water film, however, drowns part of the sphere. To correct for this effect, the drag force is simply reduced proportionally to the portion of the sphere that is drowned, i.e.,
[46] Note that the water film thickness, h w , on which both f x and f z depend, was not measured in the field and is not computed in the model, and thus is a free (or adjustable) parameter.
Model Results
[47] With the estimations of the factors f z (Figure 7) and f x (equation (22)), and with an expression for the viscous and regelation drag force for Newtonian (equation (14)) or power law ice (e.g., equation (20) for n = 2), the nonlinear, coupled system of equations (equations (3) and (12a) - (12e)) can now be solved for the shear traction t. A logical approach is to perform an outer iteration loop on t and an inner one on the particle velocities. When n = 1, however, an analytical solution can be written for the particle velocities from the solution of a quadratic equation (see Appendix A).
[48] Figure 8 is a log-log plot of shear traction as a function of water film thickness for conditions at Engabreen for n = 1, 2, and 3. We use the particle size distribution shown in Table 2 , U = 43.8 m a
À1
, v geo = 0.12 m a
, and p e = 300 kPa (average effective normal stress measured at the bed of Engabreen, see Figure 2b ). Values of f z are estimated from the power law fits of Figure 7 , with f z max = 400. Values for the power law preexponential factor B (equation (16) for n = 3. Not surprisingly, shear traction is highest for Newtonian ice (n = 1) and for small water film thicknesses because these conditions create large bed-normal forces on particles by maximizing the factor f z . Figure 7 . Variable f z as a function of dimensionless ratio h w /R for n = 1, 2, and 3. Each symbol represents a numerical solution. Lines are power law fits. Figure 8 . Shear traction as a function of water film thickness for n = 1, n = 2, and n = 3 for conditions at Engabreen.
[49] Figure 9 shows how the frictional force per particle of a given class size, the frictional force due to all particles of a given class size, the particle velocity, and the bednormal ice velocity vary as a function of particle size and water film thickness when n = 1. Friction is highest on the largest particles (Figure 9a ), but particles near 0.01 m contribute most to the total shear traction because they are much more numerous (Figure 9b ). High frictional forces on large particles are due to high contact normal forces. Estimation of contact stresses is difficult but could be upward of tens of meganewtons. Experiments by Lee and Rutter [2004] indicated that such high contact stresses were necessary to explain subglacial rates of abrasion.
[50] Particle velocity (Figure 9c ) depends strongly on particle size. Particles of most sizes move slower than the sliding speed. However, for sufficiently small water film thicknesses and sufficiently large particles, contact forces are so high that many large particles behave as immobile obstacles to ice flow. This result is different from that of Hallet [1981] . In his treatment, bed-normal forces were too small to slow particles significantly. Lee-side cavities observed behind clasts [e.g., Boulton et al., 1979] are clear evidence that particle movement is retarded significantly relative to ice movement.
[51] Some smaller particles, in the range 2 Â 10 À5 to 2 Â 10 À4 m, also have reduced or zero velocities. This is because the bed-normal contact force due to the effective pressure is precisely maximized when the water film thickness equals the radius of the particle (see equations (7) and (8)). Although the magnitude of the contact force is relatively small, the bed-parallel drag force is also small for these small particles. Thus small contact forces are sufficient to slow or halt these particles.
[52] Particles of intermediate size (10 À3 -10 À2 m) move faster because, owing to their larger size, bed-parallel drag force sufficient to equal frictional resistance is attained at a smaller relative velocity between ice and particles, despite higher bed-normal contact forces. High bed-normal contact forces on these particles induce high frictional heating causing high bed-normal ice velocities that peak at many times the geothermal melt rate (Figure 9d ). The computed bed-normal velocity reflects the two-way coupling between bed-normal force and velocity: higher bed-normal force affects particle speed and hence frictional heating, thereby affecting bed-normal ice velocity. This two-way coupling is exemplified in the transition from intermediate to large clast sizes: increasing bed-normal contact force reduces particle velocity, thereby decreasing frictional heating and icenormal velocity.
Discussion
Comparison With Field Measurements
[53] Results from Figure 8 indicate that high shear traction in the range observed at Engabreen is possible if ice flowing past clasts is Newtonian (n = 1). The best match between modeled and measured shear tractions occurs when water film thickness is around 170 mm (shear traction of 480 kPa). Water film thickness was not measured at Engabreen but may vary from several to several hundred micrometers [Nye, 1969b; Hallet, 1979b] . Heat flux from the shaft through the panel was high relative to natural geothermal fluxes (10 to 100 times higher), so an estimated water film thickness near the high end of the possible range (e.g., 170 mm) is reasonable.
[54] An estimate of the bulk friction coefficient between debris-charged basal ice and the bed can be also obtained from the model. Variations in the measured bulk friction coefficient ranged between 0.05 and 0.08. Figure 10 shows Figure 9 . (a) Frictional force per particle of a given class size (given diameter), (b) total frictional force of particles in a given class size, (c) particle velocity, and (d) bed-normal ice velocity as a function of particle diameter for four different water film thicknesses (10, 50, 100, and 200 mm) and p e = 300 kPa.
the computed bulk friction coefficient as a function of water film thickness for n = 1. Computed values of the bulk friction coefficient vary between 0.02 and 0.1 and are close to the observed range when water film thickness is near or greater than 100 mm. This consistency between the computed values of shear traction, the bulk friction coefficient, and a reasonable water film thickness lends support to the model. It also points to the necessity of including a water cavity on the lee-side of particles. Without cavities, the bulk friction coefficient is much smaller than measured.
Low-Index Rheology
[55] Model results best match measurements if the power law exponent for ice, n, is small, close to 1. Values of n could not be determined from measurements and thus are inferred from other laboratory work on ice.
[56] Laboratory experiments indicate that ice near the melting temperature deforms with a low-stress exponent if stresses are low or flow is transient. Recent laboratory work [Goldsby and Kohlstedt, 2001] has demonstrated the existence of several stress-dependent deformation mechanisms in fine-grained (3 -200 mm) ice. They identified three distinct regimes: (1) at high stresses, deformation is dominated by dislocation creep with a stress of exponent of 4; (2) at lower stresses so-called superplastic flow occurs by grain boundary sliding (GBS), which is dependent on crystal size and is characterized by a stress exponent of 1.8; and (3) at still lower stresses, a crystal-size independent basal creep regime with a stress exponent of 2.4 dominates. According to Goldsby and Kohlstedt [2001] , superplastic flow occurs over a wide range of temperatures and crystal sizes and is the rate-limiting creep mechanism in glaciers when stresses are less than 0.1 MPa. Goldsby and Kohlstedt's [2001] results concur with field observations indicating that ice is nearly Newtonian in regions of glaciers where stresses are small [e.g., Marshall et al., 2002a] .
[57] In our experiments, stresses in ice moving past large particles are small enough that GBS is the likely controlling deformation mechanism. Stresses around particles can be estimated using dimensional analysis. Cohen [2000, equation (11) ] gives the dimensional stress as
where v is a reference velocity (here the bed-normal velocity), l is a reference length (the radius of the particle), and _ e ? is the dimensionless strain rate. The dimensionless strain rate obtained from the numerical model is $2 when n = 1 except in the narrow gap beneath particles. Figure 11 shows the stress near particles of different radii for two different cases: (1) conditions at Engabreen and (2) a glacier sliding at U = 10 m a À1 with v geo = 0.006 m a
À1
, h w = 50 mm, and p e = 300 kPa. In both cases we use B = 10 11 Pa s [Cohen, 2000] . In case 1, stresses in ice near particles that contribute 90% of friction (particle radius from 0.007 m to 0.1 m) do not exceed 0.2 MPa and are as low as 0.02 MPa. Thus the dominant creep regime should be GBS with n = 1.8. In case 2, stresses for the same particle sizes range between 0.02 and 0.002 MPa, within the range of GBS. Thus ice near particles that contribute most to basal friction flows under a creep regime with a low-stress exponent. In addition, high water content (!1% [Cohen, 2000] ) should increase upward by a factor of about 2 the upper stress limit where GBS is applicable [de la Chapelle et al., 1999] . Similarly, small crystal size (1.5 mm [Cohen, 2000] ) shifts to higher stresses the transition from dislocation-dominated creep (n = 4) to GBS (n = 1.8) [e.g., Goldsby and Kohlstedt, 2001] .
[58] A low value of n is also expected due to the transient nature of ice creep past particles. Because the flow is rapidly and constantly changing direction, ice crystals are never properly oriented with respect to the stress field for easy glide. Laboratory experiments [Jacka, 1984] indicate that during the transient creep phase (which lasts several hours at stresses of order 1 MPa), stress is almost linearly proportional to strain rate and thus ice behavior is best approximated as Newtonian. Transient creep might be , h w = 50 mm, and p e = 300 kPa. The particle size distribution is identical in the two cases.
particularly important in the narrow gap beneath the particles, where stresses are elevated and might otherwise cause dislocation creep.
Effects of Geothermal Heat Flux and Sliding Speed
[59] Geothermal heat flux, high in our experiment due to the vertical shaft, is usually smaller at the beds of glaciers. Thus frictional heating apparently masked the effects of variations in geothermal melt rate, resulting in a lack of clear dependence of shear traction on geothermal melt rate, as observed in our experiments. Melting due to friction was ignored in Hallet's [1979a Hallet's [ , 1981 model.
[60] Sliding speed varies widely among glaciers. Figure 13 shows the shear traction as a function of sliding speed for three values of water film thickness for n = 1, v geo = 0.006 m a
À1
, and p e = 300 kPa. Shear traction of 100 kPa required a minimum sliding speed of 10 m a À1 , 23 m a
, 32 m a
, for film thicknesses of 50 mm, 150 mm, and 250 mm, respectively. For water film thickness of tens of micrometers, as expected beneath glaciers, shear traction of the order 100 kPa is thus possible even if either geothermal melt rate or sliding speed is small.
Conclusions
[61] Measurements of friction between debris-charged basal ice and a rock tablet on the bed of Engabreen indicate that shear traction was high, up to 500 kPa, and was linearly correlated to effective normal stress with a slope of 0.05-0.08. A model of debris-bed friction is presented in which bed-normal forces on particles are approximated using Watts's [1974] theoretical analysis of viscous and regelation drag on an isolated sphere, corrected for the proximity of the bed. The thickness of the water film between the basal ice and the bed is a critical parameter controlling the value of the correction factor f z . Numerical estimates of f z indicate that it can reach values as high as 400 if ice is Newtonian and if the ratio of water film thickness to particle radius is small. This value is two orders of magnitude larger than values used in previous studies of particle-bed interactions [Hallet, 1979a [Hallet, , 1981 . This correction factor decreases with increasing nonlinearity in the flow law, and becomes of order unity for n = 3.
[62] Large correction factors for Newtonian ice result in bed-normal forces on particles that are high and high shear tractions consistent with measured values at Engabreen. The inclusion in the model of water-filled cavities on the lee-side of clasts is necessary to obtain a value for the bulk friction coefficient between the debris-rich ice and bed consistent with that measured. Computed values of bulk friction coefficient and of shear stress match measurements when water film thickness is of the order 100 mm, a value consistent with both field estimates of film thickness and with the unusually high heat flux in our experiments.
[63] Our model also indicates that shear traction can be high if sliding speed and geothermal heat flux are lower than in the experiment. For a glacier with a sliding speed of 20 m a
À1
, a water film thickness of 50 mm, an effective pressure of 300 kPa, and a geothermal heat flux of 0.006 m a À1 , shear traction can exceed 100 kPa. In regions of extensional flow, the resultant additional downward bednormal velocity could locally increase the shear stress substantially. These results assume Newtonian (n = 1) rheology. Higher values of n would reduce the estimated shear traction. Low stresses (<0.2 MPa), high water con- Figure 12 . Shear traction as a function of geothermal melt rate for U = 43.8 m a À1 and p e = 300 kPa. The particle size distribution is given in Table 2 . Figure 13 . Shear traction as a function of sliding speed for v geo = 0.006 m a À1 and p e = 300 kPa. The particle size distribution is given in Table 2 . tent, and small crystal size in ice should promote grain boundary sliding as a deformation mechanism with a stress exponent of 1.8. A value of n close to 1 is also expected due to the transient nature of ice creep past particles. Thus an ice rheology with n < 2 is likely.
[64] Our results are particularly dependent on the particlesize distribution and the concentration of particles in contact with the bed. Because shear stress is additive with respect to particles, shear stress will increase linearly with debris concentration, at least as long as particles remain isolated. Basal debris concentrations of 10% are common in alpine glaciers, so shear traction due to debris-bed friction of order 100 kPa may be common. Thus debris-bed friction is far from negligible, contrary to the assumption usually made in models of glacier sliding.
